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Abstract
We present model for anisotropic compact star under the general theory
of relativity of Einstein. In the study a 4-dimensional spacetime has been
considered which is embedded into the 5-dimensional flat metric so that the
spherically symmetric metric has class 1. A set of solutions for the field equa-
tions are found depending on the index n involved in the physical parameters.
The interior solutions have been matched smoothly at the boundary of the
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spherical distribution to the exterior Schwarzschild solution which necessar-
ily provides values of the unknown constants. We have chosen the values of
n as n = 2 and n=10 to 20000 for which interesting and physically viable
results can be found out. The investigations on the physical features of the
model include several astrophysical issues, like (i) regularity behavior of stars
at the centre, (ii) well behaved condition for velocity of sound, (iii) energy
conditions, (iv) stabilty of the system via the following three techniques - adi-
abatic index, Herrera cracking concept and TOV equation, (v) total mass,
effective mass and compactification factor and (vi) surface redshift. Specific
numerical values of the compact star candidates LMC X-4 and SMC X-1
are calculated for central and surface densities as well as central pressure to
compare the model value with actual observational data.
Keywords: General relativity; Spherical symmetry; Compact star;
Embedding class
1. Introduction
Anisotropy factor is actually a function used in the Einstien field equa-
tion to consider the case of actual situation inside the star compared to the
idealized isotropic case. According to Rago [1] the procedure to obtain the
solution of field equations for anisotropic model, one can use two arbitary
functions in general relativity and they are anisotropic factor (∆ = pt − pr)
and generating function. Pressure changes in this extreme conditions into
two components - radial pressure and tangential pressure. From the expres-
sion of ansiotropy factor it is clear that the sign of it could be positive or
negative and this has different significance, as such when the tangential pres-
sure becomes greater than the radial pressure then the positive anisotropy
factor generates an outwardly acting force. On the other hand, when the
anisotropy factor is negative and hence the radial pressure is greater than
tangential pressure, it generates an inward force.
Anisotropy comes to a system due to the inhomogeniety in pressures.
There are lot of reasons for this pressure anisotropy, however the main rea-
sons are very high density region in the core region, various condensate states
(like pion condensates, meson condensates etc.), superfluid 3A, mixture of
fluids of different types, rotational motion, presence of magnetic field and
phase transition etc. According to Bowlers and Liang [2] there is no ce-
lestial object completely made of perfect fluid and specially in the system
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like compact stars, enormous density and gravitational pull give birth to
even larger amount of anisotropy than other normal stars. The idea of this
anisotropic fluid pressure was originally proposed by Ruderman [3] and later
on by Canuto [4]. However, Herrera and Santos [5] in a review paper have
discussed various aspects of the anisotropy. For further study related to pres-
sure anisotropy on diversified topics several other works are available in the
literature [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
It is also to note that the chances of having anisotropy is much higher in
compact star because the interaction among the particles is too relativistic
and due to this relativistic motions of the particles, they become too ran-
dom to main any uniform distribution throughout the region and thus this
relativistic nature of particles in compact star could be one of the possible
reason for giving birth of significant anisotropy in the compact star. Actu-
ally anisotropy generates an anisotropic force and the anisotropy throughout
the system effects the density inside the star. So the solution becomes an
anisotropic sphere with variable density and we will discuss the nature of this
density for anisotropic compact star later. This anisotropic force as we said
is positive for the outward force can also be called repulsive in nature and
this repulsive nature of anisotropic force inside the star makes the compact
object more compact than the isotropic condition. So anisotropy is one of
the reason for making the compact star more compact.
In the present paper to study the above mentioned compact star a class
1 condition for spherically symmetric metric have been considered. This line
element will provide us a primary tool for solving the nonlinear Einstein field
equations. In connection to the metric we would like to mention here that
according to Eddigton [19] the 4-dimensional surfaces in higher dimension
will not change the metric at all. In the present approach therefore we have
used the same concept here for getting the expression of metric coefficients
by considering a 5-dimensional flat spacetime metric. We consider here the
manifold of the spacetime curve in a flat Euclidean 5-dimensional metric and
proceed with the same spherical polar coordinate to reach at the expression
for the coefficients. In our model, we have used class 1 condition for solv-
ing the field equations which basically tells us that 4-dimensional spacetime
can be embeeded in 5-dimensional pseudo-Euclidean space. We follow the
Karmarker condition [20] for using the class 1 metric and the relationship
between ν and λ has been achieved. It can be seen that this will generate
new solutions of compact stars of embedding class 1 spacetime. To get a
suitable mathematical exposition on the n dimensional manifold which can
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be embedded in a pseudo-Euclidean space of m = n(n + 1)/2 dimensions
is available in the following works and Refs. therein [21, 22, 23, 24]. The
main point of this whole discussion is that the choice of coordinate system is
always a major issue in general relativistic systems. The inside of the com-
pact object is obyed by interior the Schwarzschild metric whereas beyond the
surface of the object where radial pressure is zero, the exterior Schwarzschild
metric is applicable though this is not our concern as we shall only deal with
compact star.
The plan of our investigation is as follows: In the Sect. 2 we have pro-
vided basic formalism of (i) class 1 metric, and (ii) Einstein’s field equations
in connection to anisotric fluid sphere. Sect. 3 deals with the solution of
Einstein’s field equations for different physical parameters, viz. the gravita-
tional potentials, fluid pressure and energy density. We have explored and
discussed several physical features in Sec. 4 and a comparative study has
been conducted in Table 1 and 2. In the last Sect. 5 we have drawn some
concluding remarks with some salient features of the present model.
2. Basic mathematical formalism
2.1. Class 1 condition
Let us consider the line element of the spherically symmetric metric for
a star as
ds2 = −eλ(r)dr2 − r2
(
dθ2 + sin2 θdφ2
)
+ eν(r)dt2, (1)
where λ and ν are the functions of the radial coordinate r.
We now suppose the 5-dimensional flat metric in the form
ds2 = −
(
dz1
)2 − (dz2)2 − (dz3)2 − (dz4)2 + (dz5)2 , (2)
where we have supposed that z1 = r sinθ cosφ, z2 = r sinθ sinφ, z3 = r cosθ,
z4 =
√
4C e
ν
2 cosh t√
4C
, z5 =
√
4C e
ν
2 sinh t√
4C
with C as a constant.
The differential of the above components are expressed as follows:
dz1 = dr sinθ cosφ+ r cosθ cosφ dθ − r sinθ sinφ dφ, (3)
dz2 = dr sinθ sinφ + r cosθ sinφ dθ + r sinθ cosφ dφ, (4)
dz3 = dr cosθ − r sinθ dθ, (5)
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dz4 =
√
4C e
ν
2
ν ′
2
cosh
t√
4C
dr + e
ν
2 sinh
t√
4C
dt, (6)
dz5 =
√
4C e
ν
2
ν ′
2
sinh
t√
4C
dr + e
ν
2 cosh
t√
4C
dt. (7)
By substuting the values of the differential components from Eqs. (3) to
(7) into the metric (2), we get
ds2 = −
(
1 + C eν ν ′
2
)
dr2 − r2
(
dθ2 + sin2 θdφ2
)
+ eν(r)dt2. (8)
The metric (3) represents the metric (1) under the condition
eλ =
(
1 + C eν ν ′
2
)
. (9)
The Eq. (8) implies that we can embed a 4-dimensional spacetime into
the 5-dimensional flat metric. Then our spherical symmetric metric (1) has
class 1 when the condition (9) is satisfied.
By solving Eq. (9), we get the value of eν as
eν =
(
A+
1√
4C
∫ √
eλ − 1
)2
, (10)
where A is a constant of integration.
The metric coefficients eλ and eν , as expressed in Eqs. (9) and (10), have
much significance as the value of these two coefficients helps us to realize
we are in which law. As our compact object is spherically symmetric, we
have used the line element that is given in Eq. (1) being the most general
centrally symmetric expression for ds2. Here g00 = e
ν and g11 = −eλ such
that only the magnitudes of these metric coefficients can change the scenario
completely.
2.2. Einstein’s field equations
To describe Einstein’s field equations of general relativity once Wheeler [25]
stated that “Spacetime tells matter how to move, matter tells spacetime how
to curve.” The matter-energy density determines how much the curvature
of spacetime will be and plays an important role for determining the matter
distribution inside the compact star as it contains density of energy and mo-
mentum in spacetime. In compact star (which is a highly gravitating object
6
and needs general relativity to study) the stress-energy tensor is a source of
spacetime curvature. So in general, Tij determines the degree of curvature
and inside the star can be written in the following standard form
Tij = diag(ρ,−pr,−pt,−pt), (11)
where ρ is the density, pr and pt are the radial and tangential pressures
respectively. Note that the stress-energy tensor is always a diagonal matrix
where the first component is relativistic tensor term which is actually the
matter-energy density because at very high speed or in relativistic condition,
v ≈ c, so the expression of it becomes energy (i.e. T00 = ρc2, considering
c = 1, it will basically be the density term, so that T00 = ρ) and the other
three diagonal terms are pressures. For isotropic fluid case, all these pressures
are the same, as there is no anisotropy. But in the present case where we
are interested for studying the anisotropy in the system, second component
is the radial pressure and last two components are the tangential pressures.
Therefore the Einstein field equations for the anisotropic field distribu-
tions can be provided as
Rij − 1
2
Rgij = −8piTij , (12)
where Rij are the Ricci tensor and R is the Ricci saclar of the curvature.
With the above specifications the set of Einstein field equations for the
metric (1) can be represented explicitly as follows
1− e−λ
r2
+
e−λλ′
r
= 8piρ, (13)
e−λ − 1
r2
+
e−λν ′
r
= 8pi pr, (14)
e−λ
(
ν ′′
2
+
ν ′2
4
− ν
′λ′
4
+
ν ′ − λ′
2r
)
= 8pi pt. (15)
From the above field equatins (13 - 15) it is obvious that ρ and p vary
throughout the spacetime of compact star and so they act as ingredient of
field.
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3. Generating new class of anisotropic solutions
We have supposed the metric coefficient eλ to obtain the general class of
anisotropic solution, which is given as
eλ = 1 +
ar2
(1− br2)2n , (16)
where a and b are the parameters with units of length−2. It is to note that
Singh and Pant [26] have used similar type of metric coefficient for positive
value of n, however our choice of n here is negative as the factor is coming
in the denominator of the fraction. Now from Eq. (16), at r → 0, we have
eλ = 1 which implies that the metric potential λ is physically valid as it is
free from singularity at the centre of the physical system.
However, the value of eν is determined by using the Eqs. (16) and (10)
as
eν = [A+B (1− br2)1−n]2, (17)
where B = −
√
a
4 b
√
C (1−n) and n > 1.
Now from Eq. (17), it is simple to observe that at r → ∞, we have
eν = A2 where A 6= 0. Now if A = 1, both of the metric coefficients will
be unity, i.e. at very large distance from the gravitating fields (or bodies)
the metric is no longer behaving like the Schwarzschild metric as we use it
for applying general relativity but it behaves more (or it becomes) like the
Galilean metric criteria. In this “far from the field” situation, we do not have
to worry anything about general relativity. Here as the situation is for large
distances we can always very correctly assume the gravitation field is weak
and we will have g00 = 1 + 2φ/c
2 (where φ is the Newtonian gravitational
potential and c is the speed of light) and for this situation we can make the
second term as zero hence g00 will be unity and we can relate it with our
previous discussion in terms of metric coefficient.
The expression of energy density is obtained by plugging the value of eλ
into the Eq. (13), which is given as
8pi ρ =
a [ar2 (1− br2) + 3(1− br2)2n+1 + 4nbr2 (1− br2)2n]
(1− br2) [ar2 + (1− br2)2n]2 . (18)
Again, the radial pressure (pr) and tangential pressure (pt) are determined
by using Eqs. (16) and (17) into Eqs. (14) and (15) as
8pi pr =
4bB(n− 1)(1− br2)2n − a[B(1 − br2) + A(1− br2)n]
[B(1− br2) + A(1− br2)n][ar2 + (1− br2)2n] , (19)
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8pi pt =
(1− br2)2n−1 [4bB (n− 1) pt1 + a pt2 + aB(b2r4 − 1)]
[B(1 − br2) + A (1− br2)n] [ar2 + (1− br2)2n]2 , (20)
where pt1 = (1− br2)2n(1− br2 +nbr2), pt2 = −A(1− br2)n(1− br2+2nbr2).
As there is no singularity, the metric and the spacetime itself is well
defined even at the centre of the object, i.e. we can use the coordinate
systems to define its poperties. We can say also that at the centre though
the density and pressures are very high (as is evident from Eqs.(18) -(20)) the
gravitating force not becomes so high that it completely curves the spacetime
into singularity (in contrast with black hole).
By subtracting Eq. (19) from Eq. (20), the expression for anisotropy
factor, ∆ = pt − pr, is given as
∆ =
r2 [2bn(1− br2)2n−1 − a] [2bB(n− 1)(1− br2)2n − aB(1 − br2)− aA(1 − br2)n]
8 pi [ar2 + (1− br2)2n]2 [B(1− br2) + A (1− br2)n] .
(21)
From the above expression it is obvious that the anisotropy factor depends
not only on the factors as mentioned in the introductory section but also on
the constants A, B, n, a, b and of course on the radius r. So for different
compact stars, the anisotropy factor differs largely. From the expression of
ansiotropy factor it is clear that the sign of it could be positive or negative
and this has different significance. Positive anisotropy factor, i.e. when the
tangential pressure is greater than the radial pressure, the anisotropy factor
generates an outward force whereas when the anisotropy factor is negative,
i.e. when radial pressure is greater than the tangential pressure, it generates
an inward force.
From Eq. (21), it is clear that at the centre, i.e. at r = 0, the anisotropy
factor vanishes. It is indicating then that the radial and tangential pres-
sures are same at the centre of the compact star. Anisotropy generates
an anisotropic force and the anisotropy throughout the system effects the
density inside the star. So the solution becomes an anisotropic sphere with
variable density and we shall discuss the nature of this density for anisotropic
compact star later on. This anisotropic force as we said is positive for the
outward force can also be called repulsive in nature and this repulsive nature
of anisotropic force inside the star makes the compact object more compact
than the isotropic condition. So anisotropy is one of the reason for making
the compact star more compact. This can be explained like at very high core
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density, the particles condense together and they love this condense state
and as they don’t want to move apart from each other, radial pressure or
force in the radial direction becomes insignificant than the force along the
tangential direction and this means the compactness of the compact star in-
creases which actually a result of positive anisotropy inside the star (mainly
in the core region). It could be claimed from this point that during the birth
of compact star when they are little bit hotter, the abscence of condensate
states may increase the radial pressure which makes the negative anisotropy
factor and hence lower compactness. So with time the tendency of the posi-
tive anisotropic factor increases inside the star.
4. Matching condition
Exterior spacetime describes the spacetime outside a spherically sym-
metric object which, in the neutral case, can be defined by the Schwarzschild
metric as given in the expression below
ds2 = −
(
1− 2M
r
)−1
dr2 − r2(dθ2 + sin2 θ dφ2) +
(
1− 2M
r
)
dt2, (22)
where M is the total mass of the star.
If we observe very carefully, then it will reveal that this Schwarzschild
metric is very simillar with the spherically symmetric line element metric
that we have expressed in Eq. (1). This means that this is also spherically
symmetric metric but with different metric coefficients. The following rela-
tions by comparing the metric coefficients: e−λ = (1− 2M
r
) and eν = (1− 2M
r
).
The Schwarzschild radius is defined by Rs =
2GM
c2
or 2M (as G = c = 1 in
geometrized unit). If Rs < r always then the singularity will be outside the
spherically symmetric domain and this is very much physically acceptable
as we already know that there could not be any singularity inside in this
system. So the solutions will be non-singular throughout the region of the
domain. In corresponding to the interior spacetime we therefore employed
the exterior spacetime described by the Schwarzschild metric.
The radial pressure must be zero at the surface of the compact star
(pr (r = R) = 0). The reason could be that the surface is the boundary
of a gravitating object and there is no further extension of that gravitating
object (or particles of that object) beyond the bounding surface and hence at
the surface there is no more radial pressure which can be directed outwards.
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So for the vanishing radial pressure at the surface [27] we have
A
B
=
4b (n− 1) (1− bR2)2n − a (1− bR2)
a (1− bR2)n . (23)
Again at the boundary of the star (i.e. r = R) we have the condition
eν(R) = e−λ(R). So using this condition and Eq. (23) we obtain the value of
the constant B as
B =
a
4b(n− 1)
√
aR2 + (1− bR2)2n
. (24)
Now by putting the value of B into Eq. (23), we get
A =
4b (n− 1) (1− bR2)2n − a (1− bR2)
4 b (1− bR2)n
√
aR2 + (1− bR2)2n
. (25)
From the expression of Eq. (23), it is clear that the constants A and B
are functions of a, b, n and r, i.e. they are dependent on the same parameters
like pr, pt and ρ.
5. Physical features of the models
5.1. Regularity behavior of stars at the centre
(i) As we have mentioned earlier that by putting r = 0, i.e. at the centre
of the star in Eqs. (16) and (17), we can have eν(0) = (A+B)2 and eλ(0) = 1.
These values of metric coefficients of anisotropic compact star are physically
acceptable as they are finite at the centre without having any singularity.
So the anisotropic compact star will be stable at this point. This is one
of the main difference between compact star and black hole where black
hole achieves singularity at the centre so that the metric coefficients become
infinite for black hole.
(ii) Pressure and density both are very high for compact star comparing
with the other stars. In our anisotropic compact star pressure is not through-
out uniform and there are two component pressure in the radial as well as
tangential directions. It can be observed from the expressions of our model
that the radial and tangential pressures both are the same in magnitude at
the centre of the anisotropic compact star, i.e. there is no anisotropy at the
centre (∆ = 0) of the compact star. The expressions of pr and pt make it clear
11
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Figure 1: The Behavior of metric function eν (left panel) and eλ (right panel) with the
fractional coordinate r/R. The numerical values of the parameters and arbitrary constants
for different compact stars are as follows: (i) LMC X-4 : a = 0.0075, b = 0.000821 for
n = 2 and a = 0.0075, nb = 0.00164 for n ≥ 10, (ii) SMC X-1: a = 0.00681, b = 0.00078
for n = 2, and a = 0.00681, nb = 0.00159 for n ≥ 10. The same specifications will be
followed in all the later plots.
that they are independent of radius at the centre of our anisotropic compact
star. This means thatdpr
dr
= dpt
dr
= 0 at the centre and also d
2pr
dr2
< 0, d
2pt
dr2
< 0.
These relations give the conclusion that both radial and tangential pressure
reach the maximum value at the centre of the anisotropic compact star.
Now the radial pressure and tangential pressure at the centre are obtained
from Eqs. (19) and (20) as follows:
pr(0) =
4bB(n− 1)− a(A +B)
8pi(A+B)
, (26)
pt(0) =
4bB(n− 1)− a(A+B)
8pi(A+B)
. (27)
For any physically acceptable model, pr and pt must be positive and finite
at the centre. This condition gives
A
B
<
4 b (n− 1)− a
a
. (28)
(iii) Density behaves in the same way like pressure for anisotropic compact
star i.e. it reaches the maximum at the centre and then decreases smoothly
upto the surface. From Eq. (18) matter density at centre is ρ(0) = 3 a
8pi
> 0,
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Figure 2: The Behavior of radial pressure pr (left panel) and tangential pressure pt (right
panel) with the fractional coordinate r/R.
that implies a must be positive and vice versa. Now a being positive in
magnitude the central pressure is also positive and finite which is very much
physically acceptable because for making the compact star stable against
gravitational collapse the central pressure must be positive.
The variation of the density with the fractional coordinate is shown in
Fig. 3. The density is positive throughout the anisotropic compact star
in our model as it has been shown in this figure but it gradually decreases
from centre to surface.In the figure we can see that density is constant upto
certain distance from the centre. One reason behind this feature could be the
assymtotic freedom of quraks due to MIT bag model. The quarks could not
free themseleves beyond a certain distance from the centre and this causes
almost a constant density in that region.
(iv) The solution of anisotropic compact star must satisfy pr/ρ < 1 and
pt/ρ < 1 which are known as the Zel’dovich condition. It means that higher
the density of a compact star, more will be the magnitude of the radial and
tangential pressure but magnitude of these pressures could not go beyond
the magnitude of density of the compact star. Here density means the total
number of particles in that certain volume where this individual pressure
arises from some part of those particles and not all. Hence with the increase
of density radial and tangential pressures increase but the magnitude of them
must be lower than the density.
By following the above mentioned Zeldovich’s condition we derived the
13
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Figure 3: The Behavior of energy density ρ with the fractional coordinate r/R.
inequalities, from Eqs. (18) - (20), as follows
b(n− 1)− a
a
<
A
B
. (29)
Using the Eqs. (28) and (29), we again get
b (n− 1)− a
a
<
A
B
<
4 b (n− 1)− a
a
, (30)
where n > 1.
In connection to Eq. (28) we desribed earlier that lower the value of B,
more stable will be the system. However, the situation now is much more
critical that both A and B have to follow the inequality as is expressed in
(30). So all the parameters, viz. a, b, A, B, n, can not reach below a
minimum or beyond a maximum value to make a stable anisotropic compact
star.
5.2. Well behaved condition for velocity of sound
It is expected that in any anisotropic compact star both the radial and
tangential sound velocity are maximum at the centre and monotonically de-
crease upto the surface. Here the centre is isotropic and hence pressure is
uniform, it does not divide into two parts which means the magnitude of
pressure is very high and the differential pressure is very large in magnitude
at the centre which creates very high velocity of sound. In compact star the
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velocity of sound in radial and tangential directions decreases away from the
centre because the interaction energy among the particles decreases.
The radial velocity (Vr) and the tangential velocity (Vt) of the sound can
be obtained respectively by the variation of radial and tangential pressures
with density, i.e.
V 2r =
(n− 1)B F 2(r) f 2 [8b2G(r) n f 2n−1 + 4b2H(r) f 2n]− F (r) f 2 I1(r)
aG2(r) [a2 f 2 r2 − 2 b n f 4n(5− 3 b r2 + 4n b r2) + I3(r)] (31)
V 2t =
f 2n [L1(r)L2(r) + bG(r)F (r)L3(r) + bG(r)F (r)L4(r) ]
aG2(r) [ a2 f 2 r2 − 2 b n f 4n(5− 3 b r2 + 4n b r2) + I3(r) ] , (32)
where
f = (1− br2), F (r) = (ar2 + f 2n), G(r) = (B f + Afn) ,
I1(r) = [G(r) (a− 2bnf 2n−1) I2(r)], I2(r) = [−4bB(n− 1) f 2n + aG(r)],
H(r) = − (B + Anfn−1), I3(r) = a f 2n [5+2b (3n−5)r2+(5−10n+8n2)b2r4],
L1(r) = [ 4 bB (n− 1) f 2n (f + n b r2)− aA fn (f + 2n b r2) + aB (−1 + b2 r4) ],
L2(r) = [ b f H(r)F (r) + b (2n− 1)G(r)F (r) + 2 f G(r) (a− 2 b n f 2n−1) ],
L3(r) = [ 4 bB (n− 1) f 2n (f + n− b n r2 + 2 b n2 r2) + 2 aB b2 r4 ],
L4(r) = [aA (n− 1) fn − 2 aB b r2 − Aa b r2 (2n2 + n− 1) fn].
Now the causality conditions demands that the radial and transverse
velocity of sound must be less than unity. The variation of Vr and Vt with the
fractional coordinate r/R are shown in Fig. 4. It can be observed from this
figure that the values of Vr and Vt are lies between 0 and 1 everywhere inside
the stellar system. Fig. 4 also reveals that both the radial and tangential
pressures are non zero at the surface of the anisotropic compact star as well
as the radial velocity of sound is always larger than the tangential velocity
of sound.
5.3. Energy conditions
For any physically acceptable anisotropic fluid sphere the energy condi-
tions, viz. Null Energy Condition (NEC), Strong Energy Condition (SEC)
and Weak Energy Condition (WEC) are to be satisfied by the matter inside
it. The actual meaning of all these energy conditions is that energy can never
be negative as negative energy condition could never make stable condition
inside the system. These conditions are hold if the following inequalities are
satisfied:
(i) NEC : ρ ≥ 0, (33)
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Figure 4: The Behavior of radial velocity of sound Vr (left panel) and tangential velocity
of sound Vt (right panel) with the fractional coordinate r/R.
(ii) SEC : ρ− pr − 2pt ≥ 0, (34)
(iii) WEC : ρ− pr ≥ 0 (WECr) and ρ− pt ≥ 0 (WECt). (35)
The variations of different energy conditions with the fractional parameter
are shown in Fig. 5 where from all the plots it has been observed that energy
conditions are satisfied in our model.
5.4. Stability of the models
5.4.1. Adiabatic index
According to the condition, proposed by Heintzmann and Hillebrandt [28],
for any model of anisotropic compact star the adiabatic index Γ must be al-
ways greater than 4
3
for static equilibrium. Stars are very accurately consid-
ered as adiabatic system. As there is no heat transfer from or to the compact
stellar system (or any isolated gravitating object), it is considered as adia-
batic system which obeys the equation pvΓ=constant, where Γ=adiabatic
index. The equation being related to pressure and volume of the system, Γ
can not have any arbitary value to maintain the stability of the system. In
compact star, for a specific polytropic sequence, the mass and radius have the
relationship: R ∼M Γ−23Γ−4 [29]. So the adiabatic index for the radial pressure
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Figure 5: The Behavior of energy conditions- NEC (top left ), SEC ( top right), WECr
(bottom left) and WECt (bottom right) with the fractional coordinate r/R.
can be obtained by using the following equation as
Γr =
pr + ρ
pr
dpr
dρ
=
pr + ρ
pr
v2r . (36)
Putting the values of ρ and pr from Eqs. (18) and (19) respectively, we
have
Γr =
2 [2bB(n− 1) f 2n+1 + aA fn (f + 2n b r2) + aBf(1− 3br2 + 4 b n r2)] v2r
f 1−2n (ar2 + f 2n) [4bB (n− 1) f 2n − a (Bf + Afn)] .
(37)
Now the adiabatic index for the tangential pressure takes the following
form
Γt =
pt + ρ
pt
dpt
dρ
=
pt + ρ
pt
v2t . (38)
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Again plugging the values of ρ and pt from Eqs. (18) and (20) respectively,
we obtain Γt as
Γt =
[2f 2n (f + n b r2) + a r2 f ] [2 bB (n− 1) f 2n + a (B f + Afn)] v2t
4 bB (n− 1)f 4n(f + nbr2) + a f 2n [−Afn(f + 2nb r2) +B (b2r4 − 1)] .
(39)
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Figure 6: The Behavior of adiabatic index corresponding to radial pressure (Γr) and
tangential pressure (Γt) with the fractional coordinate r/R.
From Fig. 6, it is clear that both the radial and tangential adiabatic
index follow the inequality Γr > Γt throughout the star and hence our model
is stable. The logic behind this is as follows: in general the anisotropy factor
(∆) is a monotonic increasing function with the distance from centre to
surface. Therefore the tangential pressure always dominates and increases in
a higher rate than radial pressure and adiabatic index has a inverse relation
with pressure so Γr > Γt. If we see near the surface zone (
r
R
> 0.85), there
Γr increases more rapidly than Γt. It is because radial pressure decreases
more rapidly near the surface than the tangential pressure. Also due to the
boundary condition, radial adiabatic index Γr will behave asymptotically
very near to the surface.
5.4.2. Herrera cracking concept
Cracking concept was first proposed by Herrera [30] and later on by
Abereu et al. [31] and this is a criteria for local stabilty of anisotropic com-
pact star. Cracking is actually a local perturbation inside the anisotropic
compact star due to the local anisotropy. As shown by Herrera [30] that con-
stant density perturbation could generate cracking on anisotropic relativistic
fluids. Thus perturbation of density in some local region is not an impossi-
ble event which creates cracking and makes the system unstable. According
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to this cracking technique, in any local anisotropic fluid model if the radial
velocity of sound is greater than the transverse velocity of sound then the
region is potentially stable. For the physically acceptable system we have
discussed that V 2r and V
2
t must lie between 0 and 1. But from Herrera’s
cracking condition for the stable region the condition is V 2r − V 2t ≤ 1 also to
be satisfied. In our model, as shown in Fig. 7, there is no change of sign in
the difference between square of sound velocity throughout the anisotropic
compact star and thus confirming that the model has stable configuration.
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5.4.3. Tolman-Oppenheimer-Volkov (TOV) equation
Anisotropy always generates a force and so there is one extra force in
anisotropic compact star than comparing isotropic stellar objects. In any
system, if it is stable then it is because of the force equilibrium. Therefore,
for the stability of an anisotropic system the model under the three forces,
viz. the gravitational force (Fg), hydrostatic force (Fh) and anisotropic force
must satisfy the TOV equation [32, 33] which is given as
−MG(r)(ρ+ pr)
r
e
ν−λ
2 − dpr
dr
+
2
r
(pt − pr) = 0, (40)
where, the gravitational mass is represented by MG(r) and can be obtained
from the Einstein field equations and the Tolman-Whittaker formula as
MG(r) =
1
2
re
λ−ν
2
ν′. (41)
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Plugging the value of MG(r) in Eq. (40), we get
−ν
′
2
(ρ+ pr)− dpr
dr
+
2
r
(pt − pr) = 0. (42)
The above TOV equation therefore can be expressed into three differ-
ent forces as follows Fg + Fh + Fa = 0, where the gravitational force (Fg),
hydrostatic force (Fh) and anisotropic force (Fa) have the forms
Fg = −ν
′
2
(ρ+ pr) =
2 b r (1− n)B (1− b r2)−n
[A+B (1− b r2)1−n] (pr + ρ) (43)
Fh = −dpr
dr
= −2 r Fh1 + 2 r [bH(r)F (r) + (a− 2bn f
2n−1)G(r)] Fh2
8 pi [B (1− b r2) + A (1− br2)n]2 [a r2 + (1− br2)2n]2 (44)
Fa =
2
r
(pt − pr) = r [2bn f
2n − a f ] [2bB n f 2n − aB f − aA fn]
8 pif [ar2 + f 2n]2 [B f + Afn]
(45)
with Fh1 = − bG(r)F (r) [8 bB (n−1)n f 2n−1+aH(r)] and Fh2 = [−4bB (n−
1) f 2n + aG(r)].
In Fig. 8 nature of each of these forces has been plotted which matches
the stability criteria of our anisotropic compact star model. It is shown that
gravitational force is negative throughout the system due to its attractive
nature and it acts towards the centre, whereas the hydrostatic and anisotropic
forces are positive throughout the star beccause they are repulsive in nature,
i.e. they act outwards. So the gravitational force is balanced by these two
forces. Each of this forces, as obvious, is dependent on parameters a, b, n, A
and B so that magnitude is different for diffrent compact star.
5.5. Total mass, effective mass and compactification factor
The metric coefficients relationship e−λ(R) = 1− 2M
R
gives the expression
for total mass of the anisotropic compact star as
M =
aR3
2 [aR2 + (1− bR2)2n] . (46)
On the other hand, the effective mass of the anisotropic star can be
calculated as follows
meff = 4pi
∫ R
0
ρ r2 dr =
aR3
2 [aR2 + (1− bR2)2n] . (47)
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Figure 8: The variation of different forces with the fractional coordinate r/R. LMC X-4
for n = 2 (top left), SMC X-1 for n=2 (top right), LMC X-4 for n ≥ 10 (bottom left),
SMC X-1 for n ≥ 10.
By using the above formula the compactification factor u(r) can be ob-
tained as
u(r) =
meff (r)
r
=
ar2
2 [ar2 + (1− br2)2n] . (48)
So larger the radius of the compact star the smaller will be the value of
the metric coefficient e−λ or larger will be the value of the metric coefficient
eν . Thus smaller the value of the metric coefficient eν , more will be the
compactness of the compact star.
The expression in Eq. (46) actually defines the compactness parameter of
a compact star, i.e. larger the value of the M
R
, more will be the compactness
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of the star. The parameters a and b both play a significant role for the mass
and hence compactness of a compact star. For a fixed assumed value of a,
larger the value of the parameter b, lower will be the mass of a compact star
as the denominator conatains (1 − br2)2n as can be seen from Eq. (48). So
it will be always positive irrespective of the value of b. Hence we observe
that the parameter b plays a negative role in the mass of a compact star and
simillarly the index n which makes decrease of the mass of a compac star.
In contrast to the increase of the value of the other parameter a, the mass of
the compact star increases.
5.6. Surface redshift
In astrophysics redshift is a very important phenomenon as it is used
several times for detecting objects which are far away from us. Centre is
farthest position from observer and hence redshift is maximum for the centre
whereas it is minimum near the surface. Compactness and redshift are related
with each other as the expression of redshift is also the ratio of mass and
radius. So higher the redshift means higher is the compactness. The more
elaborated relationship of redshift is given below
Z(r) =
√
[A+B (1− br2)1−n]−1 − 1. (49)
The above Eq. (49) says that redshift Z is dependent on the parameter
b, constants A as well as B and index n. So for different anisotropic compact
star, depending on these factors, redshift will be different. According to the
work of Ivanov [6], surface redshift can not exceed the value 3.842 for tangen-
tial pressure to satisfy SEC. Surface redshift and M
R
exceed the corresponding
limit for perfect fluid as usually happens for anisotropic sphere.
The variation of the surface redshift with the fractional radial parameter
are shown in Fig. 9. This figure shows that the surface redshift is monoton-
ically decreasing in nature. For higher value of n, the redshift is large. The
maximum value of the redshift in our model is below that magnitude claimed
by various authers for which it is believed to provide stability.
6. Conclusion
In the present paper we have performed a study on the compact star
with anisotropy and class 1 metric under the framework of Einstein’s theory
of general relativity. This yields a set of solutions which are interesting and
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Table 1: Values of parameters or constants for (i) LMC X-4 with mass M = 1.2928 ±
0.00033M⊙ and radius R = 8.831Km, (ii) SMC X-1 with mass M = 1.04± 0.002M⊙ and
radius R = 8.301Km
LMC X-4 SMC X-1
n a(km−2) b(km−2) A B a(km−2) b(km−2) A B
2 7.5×10−3 8.21×10−4 -1.3470 1.9639 6.81×10−3 7.8×10−4 1.2518 1.9361
10 7.5×10−3 1.64×10−4 -0.4695 1.0901 6.81×10−3 1.59×10−4 -0.3707 1.0551
100 7.5×10−3 1.64×10−5 -0.3697 0.9906 6.81×10−3 1.59×10−5 -0.2743 0.9588
1000 7.5×10−3 1.64×10−6 -0.3607 0.9816 6.81×10−3 1.59×10−6 -0.2656 0.9502
10000 7.5×10−3 1.64×10−7 -0.3598 0.9808 6.81×10−3 1.59×10−7 -0.2647 0.9493
20000 7.5×10−3 8.2×10−8 -0.3597 0.9807 6.81×10−3 7.95×10−8 -0.2647 0.9493
Table 2: The Matter densities and central pressure for different compact star candidates
for different values of n
n Compact star Central density Surface density Central pressure
(gm/cm3) (gm/cm3) (dyne/cm2)
n = 2 LMC X-4 1.2083×1015 7.2812×1014 1.4101×1035
SMC X-1 1.0971×1015 7.3319×1014 9.7545×1035
n ≥ 10 LMC X-4 1.2083×1015 7.2177×1014 1.3877×1035
SMC X-1 1.0971×1015 7.3095×1014 9.7401×1035
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Figure 9: The variation of redshift (Z) with the fractional coordinate r/R.
physically viable as far as properties of the compact stars are concerned. The
investigations on the physical features of the model include the issues like (i)
regularity behavior of stars at the centre, (ii) well behaved condition for ve-
locity of sound, (iii) energy conditions, (iv) stabilty of the system via the
following three techniques - adiabatic index, Herrera cracking concept and
TOV equation, (v) total mass, effective mass and compactification factor and
(vi) surface redshift. We would like to highlight some of the salient features
of our model below.
1. Regularity behavior of stars at the centre:
(i) By putting r = 0 in Eqs. (16) and (17), we can get eν(0) = (A+B)2 and
eλ(0) = 1 which are finite at the centre and hence free from singularity.
(ii) For any physically acceptable model, pr and pt must be positive
and finite at the centre which for the present model provides the condition
A
B
< 4 b (n−1)−a
a
.
(iii) From Eq. (18) matter density at centre is ρ(0) = 3 a
8pi
> 0, that
implies a must be positive and hence the central pressure is also positive and
finite.
(iv) The solution of anisotropic compact star must satisfy the Zel’dovich
condition, i.e. pr/ρ < 1 and pt/ρ < 1. Using the Eqs. (28) and (29), we get
b (n−1)−a
a
< A
B
< 4 b (n−1)−a
a
, where n > 1.
2. Well behaved condition for velocity of sound:
In the present anisotropic compact stellar model both the radial and tangen-
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tial sound velocity are maximum at the centre and monotonically decrease
upto the surface. Now the causality conditions demands that the radial and
transverse velocity of sound must be less than unity. It can be observed from
Fig. 4 that the values of Vr and Vt are lies between 0 and 1 everywhere inside
the stellar system.
3. Energy conditions:
For any physically viable relativistic object the energy conditions, viz. Null
Energy Condition (NEC), Strong Energy Condition (SEC) and Weak En-
ergy Condition (WEC) are to be satisfied by the matter inside it. From Fig.
5 it can be observed that energy conditions are satisfied in the present model.
4. Stabilty of the system via the following three techniques:
(i) Adiabatic index: According to Heintzmann and Hillebrandt [28],
for any model of anisotropic compact star the adiabatic index Γ must be
always greater than 4
3
for static equilibrium. We have calculated Γr and Γt
which are plotted in Fig. 6. From this figure it is clear that both the radial
and tangential adiabatic index follow the inequality Γr > Γt throughout the
star and hence our model is stable.
(ii) Herrera cracking concept: According to this cracking technique
if the radial velocity of sound is greater than the transverse velocity of sound
then the region is potentially stable and V 2r and V
2
t must lie between 0 and
1. But from Herrera’s cracking condition for the stable region the condition
is V 2r − V 2t ≤ 1 also to be satisfied. From Fig. 7 we note that there is no
change of sign in the difference between square of sound velocity throughout
the anisotropic compact star and thus confirming that the model has stable
configuration.
(iii) TOV equation: The TOV equation which can be expressed into
three different forces as follows Fg+Fh+Fa = 0, where the gravitational force
(Fg), hydrostatic force (Fh) and anisotropic force (Fa) are plotted in Fig. 8.
It is shown that gravitational force is negative throughout the system due to
its attractive nature and it acts towards the centre. On the other hand, the
hydrostatic and anisotropic forces are positive throughout the sphere due to
repulsive nature, i.e. they act outwards.
5. Total mass, effective mass and compactification factor:
We have found out expression for the total mass, effective mass and compact-
ification factor of the compact star from our propsed model. It is observed
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that each of these physical quantities are acceptable in their physical realm.
It is also noted that larger the radius of the compact star the smaller will be
the value of the metric coefficient e−λ or larger will be the value of the metric
coefficient eν . This indicates that smaller the value of the metric coefficient
eν , more will be the compactness of the compact star.
6. Surface redshift:
As the redshift Z is dependent on the parameter b, constants A as well as
B and index n, so for different anisotropic compact star, depending on these
factors, redshift will be different. Fig. 9 shows that the surface redshift is
monotonically decreasing in nature.
Based on above discussions we may conclude that our presented model
for anisotropic compact stars are physically viable and hence acceptable.
The Tables 1 and 2 also support this statement in connection to the results
obtained therein for different physical parameters.
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